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ABSTRACT: Using the entropy function formalism we compute the entropy of extremal
supersymmetric and non-supersymmetric black holes in N' = 2 supergravity theories in four
dimensions with higher derivative corrections. For supersymmetric black holes our results
agree with all previous analysis. However in some examples where the four dimensional
theory is expected to arise from the dimensional reduction of a five dimensional theory,
there is an apparent disagreement between our results for non-supersymmetric black holes
and those obtained by using the five dimensional description. This indicates that for
these theories supersymmetrization of the curvature squared term in four dimension does
not produce all the terms which would come from the dimensional reduction of a five

dimensional action with curvature squared terms.
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1. Introduction

During the last several years study of higher derivative corrections to the entropy of ex-
tremal supersymmetric black holes have provided fruitful results in string theory [[[-[L3].
In many examples these corrections match the appropriate corrections to the statistical
entropy of the corresponding microscopic system. Given this success one might ask: are
there similar results for non-supersymmetric black holes? While in general studying higher
derivative corrections to the entropy of a generic black hole is a difficult problem, a general
method for computing the entropy of extremal, but not necessarily supersymmetric black
holes was developed in [14, [[§]. This method does not provide an explicit construction of
the full black hole solution, but gives a way to compute the near horizon field configuration
and entropy of an extremal black hole with a given set of charges assuming the existence of
the black hole solution. Various other recent approaches to studying non-supersymmetric
black holes in string theory can be found in [[Lq—P7.

In this paper we apply the method developed in [[4, to compute the entropy
of extremal black holes in four dimensional N' = 2 supergravity theories with curvature
squared type corrections. We use fully supersymmetrized version of the action given in [R8]
R9] and construct the entropy function for a general extremal black hole solution following
the procedure given in [[[4, [[§]. Extremizing the entropy function with respect to the
parameters labelling the near horizon background gives a set of algebraic equations for



these parameters and the value of the entropy function at the extremum gives the entropy
of the corresponding black hole. We show that these extremization equations admit a
class of solutions which coincide with the supersymmetric extremal black holes studied
in [l-f@ BJ—B4]. In particular we recover the supersymmetric attractor equations of [[[J-
f] in the presence of higher derivative terms. But our method allows us to go beyond
the supersymmetric configurations and study higher derivative corrections to the entropy
of extremal but non-supersymmetric black holes as well. We illustrate this by several
examples.

Although no explicit study of higher derivative corrections to these non-supersymmetric
solutions has been carried out before, there is a general argument due to Kraus and
Larsen [BY, B which gives an expression for the entropy of a class of extremal non-
supersymmetric black holes when the four dimensional theory comes from the dimensional
reduction of a five dimensional theory and the near horizon geometry of the black hole
solution, expressed in the five dimensional language, has the structure of AdSs x S2. Un-
fortunately we find that our results do not agree with the prediction of Kraus and Larsen.
The only possible explanation for this discrepancy seems to be that adding the minimal
set of terms in the four dimensional action that is required for supersymmetrization of
the curvature squared term does not reproduce all the terms which arise from dimensional
reduction of the curvature squared term in five dimensions.

The rest of the paper is organized as follows. In section f| we review the bosonic part of
the N = 2 supergravity action with curvature squared corrections. In section Ewe propose
our ansatz for the near horizon geometry of extremal black holes in these theories, and
construct the entropy function for these black holes. The parameters labelling the near
horizon geometry of the black hole are obtained by extremizing the entropy function with
respect to these parameters. In section fj we verify that the entropy function constructed in
section [ is invariant under electric-magnetic duality transformation. In section f] we show
that the equations obtained by extremizing the entropy function admit a class of solutions
which obey the well known supersymmetric attractor equations derived in [[]-[]]. However
this does not exhaust the set of solutions of the extremization equations and there are in
general other solutions which describe the near horizon geometry of non-supersymmetric
extremal black holes. In section | we use our formalism to study supersymmetric extremal
black holes in tree level heterotic string theory compactified on T4 x T2 or K3 x T? and
reproduce the known results for the entropy and near horizon geometry of these black holes.
Section [f is devoted to the study of non-supersymmetric extremal black holes in the same
theory. We find an expression for the entropy of a class of extremal non-supersymmetric
black holes in a power series expansion in inverse power of the magnetic charge. In section
we extend our analysis of non-supersymmetric black holes to a more general class of models
describing M-theory compactification on Calabi-Yau manifolds, and explicitly compute the
first correction to the entropy of these black holes due to higher derivative terms. Finally
in section f] we compare our results of sections f, (fto the predictions of [B5] B6], assuming
that the four dimensional theory under consideration comes from dimensional reduction of
a five dimensional theory, and that the near horizon AdS, x S? geometry gets lifted to a
near horizon AdSs x S? geometry in five dimensions. We find that the results do not agree.



Although we do not have a complete understanding of the origin of this discrepancy, we

suggest a possible explanation for this apparent disagreement between the two results.

2. N = 2 supergravity action with higher derivative corrections

The off-shell formulation of N' = 2 supergravity action in four dimensions was developed
in B3, B§ PY. Here we shall review this formulation following the notation of [f].
The basic bosonic fields in the theory are a set of (N 4 1) complex scalar fields X! with
0 < I < N (of which one can be gauged away using a scaling symmetry), (N + 1) gauge
fields A{L and the metric g,,,. Besides this the theory contains several non-dynamical fields.
These include a complex anti-self-dual antisymmetric tensor field 7}, a real scalar field D,
a U(1) gauge field A, an SU(2) gauge field V', , a vector field V), a set of SU(2) triplet
scalar fields ng with 0 < I < N, an SU(2) triplet scalar field M;; and an SU(2) matrix
valued scalar field ®§ which transforms as a fundamental of the gauged SU(2) and also a
fundamental of a global SU(2) symmetry (see eq. (3.111) of [f]).} Here i,j (1 <i,j < 2)
are indices labelling the fundamental representation of the gauged SU(2) and fields in the
triplet representation are obtained by taking the symmetric combination of a pair of indices
i,j. The SU(2) indices are raised and lowered by the antisymmetric tensors €% and Eij
with €12 = g9 = 1. « (1 < a < 2) labels the fundamental representation of the global
SU(2). We define

* v 1 — v 1 .k
Fl, = 0,AL - 0,A], FF'"W = 5(\/—detg) Lo pl o Rl = 5(% +i*F},)
1 1 v 1 1 v 1 14 — 1 — v
[ = _iR“ — Z(D — gR)(SM + 2€u PI(/—det g) 1(9P.AU + ﬁTupTJr P
1
R = R+ (f06] — f067 — f760 + f700) — ﬁ(T_”“TJU + T, TH7)

1 i - oT
Riw,po =3 (RWP‘T + 5(\/—det g) " te? 573“”75)

Fliwy = V', — 0V, + %w’k“vkjy — %w’kyv’g“
A\ = Ti'ijL;, B\ij = —SEkifkjijiwj — SEka%ﬂyTi‘uu,
P~ = —16R J*T "
C = 64R,, R +32F ", F It
—8T M {(V, —iAy), (VP —iAP)YT, + 16T f0T Y, (2.1)

Here €"*P? denotes the totally antisymmetric tensor density with €% = 1 and TH* =
(T—#)*. Anti-selfduality of T, imposes the condition:

_ i _ S
T ‘“’:—5(\/—detg) Lerrr T (2.2)

!Following [E] we shall be using a non-linear multiplet as the second compensator field in our description
of the theory. We could also work with a description of the theory where we use e.g. a hypermultiplet as
the second compensator field [ﬂ] The expression for the entropy function given in eq. (@) in independent
of which description we use. Also we shall be using K-gauge condition from the beginning where we set the
gauge field associated with the dilatation symmetry of conformal supergravity to zero [E]



Note that our notation for the Riemann tensor R, differs from that of [B] by a — sign.
We take

1
Fﬁp = 59“0 (al/gop + apgou - aagup)

R, o = 0p1, — 0,10, + T1 1), — T4, T},
Ry,s = RY,,;, R=¢""R,,. (2.3)
For later use we also define Y
Gruw = —16m’w , (2.4)

where /— det g £ is the Lagrangian density. In carrying out the differentiation on the right
hand side of (R.4) we must treat the FM*UI for different {I, u, v} as independent variables so
that under a variation of Flfy

— L — —Ipy _ ~+ +1 v
0L = 1 (67,097 G, 0F ) (2.5)

The action involving these fields is written in terms of the prepotential F()? , A),
a meromorphic function of the complex fields X! and the composite auxiliary field A. F
satisfies the condition:

FOAX,\2A) = N’F(X, A). (2.6)
We define?
OF OF *F O?F O*F
Fj=—— F:=-— =———, Fp=—"x, Fz;= 2.
T 6X17 1 aA’ IJ 8X18XJ7 Al 8X18A7 ( 7)

dA2’
In terms of the prepotential the bosonic part of the action is given by (see eq. (3.111) of [p])

S:/d4x\/—detg£, (2.8)

where

8L = _%(XIF, ~ X'F)R + [z’(@uF[ +iA, Fr) (0" XT —iArXT)

7 -~ 1-; _ 1-,
+ZFIJ(FWI — ZXITW)(F Juv ZXJT M)

i 1 i R
g Fr(Fy = X T )T = 2Py Yyl 4 oo F A
i PG
+5F5C = SFaa(By BY — 2, F )
(PN 1. i~
R <F w = 3% T ) = 3 ByFaY™ +h }

_ 1 1
—i(X'F — XTFy) (V“Vu - §V“Vu - Z|Mij|2

i 1. j «a 1 kF o

(2.9)

2Note that we are using the same symbol F for the prepotential and the gauge field strengths. This
should not cause any confusion since the index structures of these two sets of quantities are quite different.



Here ®J, = (@$)* and V,, denotes ordinary covariant derivative. Furthermore, the fields
are subject to the constraint

1 1 1 1 1
VAV, = VIV = M+ (aﬂcbg +3 v’y%) (3,@? +3 vi[f@g> ~D+3R=0. (210)

3. Entropy function for extremal black holes

In the theory described in section P we consider extremal black holes with near horizon
geometry of the form:3

ds® = vy (—r2dt* + dr®/r?) 4+ vy(d6? + sin® 0dp?)

FL =ej, FGI¢:pISin9, X =2l T, =vw
1 ,
D—gR:O, Ay=0, V', =0, V,=0, Mj;=0, ®=6 Y}=0.
(3.1)

As can be seen from the action (R.9) and the constraint (P.I0]), this is a consistent trun-
cation, respecting the symmetries of AdS, x S2. In particular the equations of motion for
the fields D, A,, Vij#, Vi, Mij and ®% subject to the constraint (R.10), as well as the
constraint itself, are automatically satisfied for the background (B.1). We now define the
entropy function & (vy,vs, w, ¥, €, ¢, p) as follows [[14]

E(vy,v9,w, %, €,q,p) =27 <—%(j’.é’— /d0d¢ \/—detg£> ) (3.2)

where the /— det g £ appearing on the right hand side of eq. (B.9) is to be evaluated for the
background (B.1]) and the integral over 6, ¢ is to be evaluated at fixed r, t. For an extremal
black hole carrying electric charge vector ¢ and magnetic charge vector p the parameters &,
€, v1, V2, w labelling the near horizon geometry are obtained by extremizing the function

£ with respect to e, z!, v1, vy and w:
o€ o€ o€ o€
A N N (3:3)

and the entropy associated with the black hole is given by the value of the function &£ at

the extremum [[[4] [5]:
S =¢. (3.4)

Comparing (R.4) with the equation obtained by extremizing (B.2) with respect to e!:

qr = —2%/d9d¢) v —detg L, (3.5)

3Note that the normalization of the magnetic charge vector p used here differs from that of [@] by a
factor of 4. Similarly the normalization of the electric charge vector ¢ introduced in (E) differs from that
of %} by a factor of f%. These normalizations have been chosen so as to be consistent with the ones used
in [f]



and using the definition of e/ given in (B.])), we can show that near the horizon
Grop = qr sinf. (3.6)

We can now calculate the various quantities defined in eq. (R.1)) for the background
described in (B.1). In particular we get

1 _ 1 1 _ 1
fl=fl=gut—guo,  ff=[5=—gu+ guww

fl' =0 otherwise,
1
Rmanﬁ = _Ramnﬁ = _Rmaﬁn = Ramﬁn - 5(’0;1 - 0271)6%56
for a,0=nrt, mmn=20,¢

R,"" =0 otherwise, (3.7)
;{\ == —4w2, Eij = O, ﬁM_V = 0,
~ 1
C = 16ww (—vll —vyt + gww) +128(v; !t — vy 12 (3.8)

For the action given in (R.9), a straightforward calculation now gives:

E = —mqre! — morv9 [z’(vll — v;l)(xlﬁ} — ’IFI)
i 9 . o—1ig L1y g 1y
_{Zvl Frj(e" —ivivy " p' — 3% viw)(e’ —ivv, p° — 5% viw) —i—hc}
—{%vflwﬁ}(e[ — ivlvglpl — %jlvlw) + h.c }
+{éw2F +he.p+8iww( = o7t =gt + éu‘)w) (Fz- Fy)
647 (07! — ) (Fy - Fﬁ)]
= —mqrel — (v, vo,w, T, Ep). (3.9)
The entropy function defined here has a scale invariance
ol =Xl v = ANy, el —ell w—dw, g —q, pt— Pl (3.10)

This descends from the invariance of the lagrangian density (R.9) under local scale transfor-
mation, and is usually eliminated by using some gauge fixing condition. We shall however
find it convenient to work with the gauge invariant equations of motion obtained by ex-
tremizing (B.9) with respect to v, v, w, ¥ and €.

Since (B.9) is quadratic in the electric field variables e/ we can explicitly eliminate
them by solving their equations of motion to express the entropy function as a function of
the other variables. A tedious but straightforward algebra shows that after eliminating the
variables e! the entropy function reduces to:



E(vy,v9,w, T, q,p) = w[i(vl — ) (2! Fy — 2 Fy)
_ (EFN7'F);; —(FN"YH,7\ [/p/
1%2 ( ) _(121 IF)IJ (N_l)IJ
1t I (FN~'F)r; —(FEN"Y//\ (27
e o0 (S e ) (7)) e
+8vvowtw? (N Fr Fy )

+ {divyvpw’w! (F77+ i (N"YYF, Fp ) + he}

_ 1 _
+%01U2wYIJ($IF] — i:IFI) + 8iww(vy + v — 1—6vlvgww)(FA — g)
—64ivivy (v —v5") <FE—F2>], (3.11)
where
Ny =i(Fry—Frj) , (3.12)

and N, F denote matrices with matrix elements N;; and F7; respectively. Note that by
an abuse of notation we have continued to use the symbol £ to denote the entropy function
even after elimination of the variables e!. In arriving at (B.11]) we have used the relations

o Fi+24F; =2F,  o'Fi;+24F ;=F;, 2'F;+24AF;;=0,  (3.13)
which follow from (B-6).

4. Symplectic invariance of the entropy function

As has been discussed in [[]-[], the equations of motion derived from the Lagrangian
density (.9) retain their form under a symplectic transformation:

I I gIL\ /xK I [ gIL LK
- 290 (B (). w
Fy Wik V; Fr, C5 Wik 'V Gl

with all other fields, including the metric g,,, and the auxiliary field T, remaining invari-

ant. Here U, Z, W and V are each (N + 1) x (N + 1) matrix, satisfying the conditions
vt'w -wtu =0, Z'v-viz=0, UlV-W'z=1, (4.2)

U
that
so tha <W v

fields X! and F, Jy transform under this transformation, but also implicitly tells us how the

) is a symplectic matrix. Eq. (.J) not only tells us how the fundamental

prepotential F' transforms to a new prepotential F' (so that Fy = 9F /0X). Since in general
F and F have different functional forms, the transformation (E.1)) is not a symmetry. In
special cases where F and F have the same form, the symplectic transformations generate
(continuous) duality symmetries of the classical theory.

From (B.1)), (B.6) it follows that under a symplectic transformation the parameters
labelling the near horizon geometry of a black hole transform as

(5) =G 0 (5)- (0) =G ) ()
Fy Wik V,E Fr )’ qJ Wik V,E ar )’

271 = V1, 172 = V2, wW=w. (43)



We shall now verify that the entropy function (B.11]) is invariant under the symplectic
transformation. Using the relations (see e.g. eqs.(3.88), (3.97)-(3.99) of [f])

Fe=F;, F=VF+W)U+ZF)"!, N !'=8N'§"=8N"'5",
Fa=F3,(8Y,  Fi3=Fa3- F3,F3,2" (4.4)
where
Sy =U+2"Fg;, 2" =(NH,2'%, (4.5)
it is easy to check that

Fﬁﬁ + i(Nfl)IJFKIFEJ = FEK + i(Nfl)IJFEIFEJ , (4.6)

FN'F —FN-1\ /V -—W)\//FN'F -FN1\/ VT 77 )

-N"'F N1 ) \-Zz U ~-N-'F N! -wT ut ) "
Using ([E1)-([7) it is straightforward to verify that the entropy function given in (B.11) is
invariant under a sympletic transformation. This is in accordance with the general result

Z

on duality invariance of the entropy function discussed in [|L5].

5. Supersymmetric attractors

It can be easily seen that the extremization equations (B.3]) can be satisfied by setting

16
V1 =0V = —, (5.1)
ww
1
el —ivyvy tp! — iilvlw =0 (5.2)
o e e L. (5.3)
Taking the real and imaginary parts of eq. (p.2) gives
el =4(w 1zt + wlal), (5.4)
and 1
(wtz! —wtal) = —=ipl. (5.5)

4
The black hole entropy computed using Wald’s formalism [[i4-[7] is equal to the entropy
function evaluated for this background [[4] and is given by

1 _
Spu =27 | =5 ¢ &~ 161 (w2F —w 2F)| . (5.6)
If we choose w=constant gauge (which corresponds to A\:—4w2:constant), then eqs. (B.1))-

(5.H) describe the usual attractor equations for the near horizon geometry of extremal
black holes, and (f.6) gives the expression for the entropy of these black holes as written



down in [i§]. For example (f.6) shows that in the gauge w =real constant, the Legendre
transform of the black hole entropy with respect to the electric charges gy is proportional
to the imaginary part of the prepotential F. Furthermore eqs. (b.1]), (§.g) shows that the
argument z! of the prepotential is proportional to e/ 4 ip!, 1.e. its real part is the variable
conjugate to the electric charge ¢y and its imaginary part is the magnetic charge p’. These
are some of the observations made in [[].

Note that the attractor equations (f.1)-(f.5) provide sufficient but not necessary con-
ditions for extremizing the entropy function. In section [] we shall find near horizon con-
figurations which extremize the entropy function but do not satisfy eqs. (f-1)-(p-5).

6. Supersymmetric black holes in the STU model

Let us now restrict our attention to a specific theory with three vector multiplets and a
prepotential

Xtx2x3 ~ X!
- —CA—.
X0 X0
For C' = 1/64 this describes a subsector of the low energy effective action for tree level
heterotic string theory on T% x T2 or K3 x T2, with the identification

F(X% X', X2, X% A) = (6.1)

1 2 3

%:is, %:iT, %:iU, (6.2)
where S, T and U denote the usual axion-dilaton field, the Kahler modulus of T2 and
the complex structure modulus of T2 respectively. The corresponding gauge fields Ag, e
Ai may be identified as the components of the metric and the rank two anti-symmetric
tensor field with one index along one of the directions of T2 and the other index along a
non-compact direction.*

For the choice of the prepotential given in (B.1)) the equations of motion derived from
the lagrangian density (B-9) are invariant under the SO(2,2) = SL(2,R) x SL(2,R) T-

duality transformation:

X0 5 ex?4+dx°, X' — —cF +dX!,
X2 & —cF +dX?, X®—aX?+bX",
Fy — aFy — bF3, Iy — aF) —bX?,
Fy — aFy — bX', Fy — —cFy+ dF3,
FP—aF, +bF,, F.)—cF.?+dF,),

v
Gl — aGy,, — bF,?, F.}— —cGy,, + dF,;
Gg,uu - ng,uu - CGEW’ G(iw - _bG?:/uz + aG(iw’
F, —dF, —cG,,,, Gy, — —bF,' +aGy, (6.3)

4In order to make this identification we need to dualize the gauge field AL. This is reflected in the
relation (@) between the charges (q, §) in this theory and the charges (@, P) in heterotic string compacti-
fication.



and

X0 S rX? 45X, X' —rFy 4+ sX!,
X3 5 —rF 4+ sX3, X% 5 EX?24+1XY,
Fy — kFy —1F,, Fy — kFy —1X3,
Fy — kFy —1XY, Fy — —rFy+ sy,
F2—kF+1F.0 F.'—rF?+sF,.)”

nv puv 2
Gl — kG, — 1F}, Fob——r Gl + sF.?
GZ_;,LV — S GZ_;,LV - GO_;,LV7 GO_;,LV — =l GQ_;,LV +k GO_;,LV7
F, —sF, -rGy,, Gy, ——1F, +kGy,,, (6.4)
where
ad —bec =1, ks —1Ilr =1, a,be,d, k,l,r,s € R. (6.5)

These are special cases of the symplectic transformations discussed in section [i] for which
F has the same functional form as F.
We now define:

Q=q, Q=-p, Qs=gq, Qi=q,

P1:p35 P2:p0’ P3:p2’ P4:(J1, (66)
Q% =2(Q1Q3+Q2Q4), P> =2(PPs+ PyPy), Q-P=(Q1P3+Q3P +QoPy+QuP),
(6.7)

where p! and ¢; have been defined in egs. (B.1) and (B.6). From (B.3)-(E.6) it follows that
the duality transformations act on P, Q as SO(2,2) transformations:

Q1 Q1 Py Py
P P
Q2 0 Q2 ’ 2| g p) ’ (6.8)
Q3 Q3 Py P3
Q4 Q4 P4 P4
where © is the SO(2, 2) matrix
s 0 0 -—r a b 0 0
0 s r O c d 0 0
€= 0 I k 0 00 d —c (6.9)
-1 0 0 k& 0 0 —-b a

Q?, P? and Q- P defined in (p.7]) are the three independent duality invariant combinations
which can be formed out of Cj and P. Thus the black hole entropy depends only on these
combinations.

Supersymmetric black holes in this theory have been analyzed in detail in [[[]- . These
black holes exist for P2 > 0, (Q - P)? < Q?P? and the entropy associated with these black
holes can be obtained by extremizing the entropy function with respect to various near
horizon parameters, and plugging them into (f.6). The solution satisfies the supersym-
metric attractor equations given in (f.I)-(f.5). Due to the duality symmetry (§.§) we can

,10,



choose to work in a special frame in which P, = 0, 1.e. p® = 0. By solving the attractor

equations (p.1)-(p.5) and using the definitions (b.6]), (b.7) we get, in the w = 1 gauge,

1 P2(P? 4 512C)
v ‘éQQ\/P%P - (P-QP

1 _P.Q+i\/P2Q2_(P.Q)2

a0 P2 P2(P2 +512C)

a2 1 Py [P2Q* —(P-Q)?

= P Py — PiQs) — i—

20 20, P, (Q2Ps + Q1 Ps — P1Q3) ZQQ\/ F2(P7 § 5120)

a3 1 Py [P2Q% — (P-Q)?

= Py — Q1P; + PQ3) — i—

20 20,P; (Q2Py — Q1 P3 + P1Q3) ZQQ\/ F2(P% 1 5120)

vi=vy =16, el =8Re(z!) for 0<I<3,  w=1. (6.10)

The entropy associated with these black holes is given by

SBH:TF\/PQQQ—(P-Q)Q\Il—I—slP—QQC. (6.11)

This result was derived in [f]] and reviewed in eq. (6.64) of [fj.
The solution simplifies for a specific class of black holes for which P - @ = 0. In this
case we can get supersymmetric black holes if @2 > 0, P2 > 0. A representative element

satisfying this condition is

P =P =P, Q2 = Q4 = —Qo, P,=P =01 =Q3=0, Qo, Py >0,

(6.12)
with Py > 0, Qg > 0. In this case
Q*=2Q5,  P?=2pr7, (6.13)
and, according to (b.6),
1_ 2 3 _ _
p=CQ, p°'=F, p =" ¢ =-Qo, (6.14)
with all other charges zero. Egs. (p.1(), (p.11]) now reduce to:
1 7 1 1 1
0 1 2 3
X :g P02+25GC, X :gQO, X :gpo, X :gp(],
eO:\/PO2+2566’, el=e2=¢e3=0, w=1,
v = 16, Vo = 16, (615)

and

SBH :27er/P02+256CZW\/Q2P2\/1+512%. (6.16)

— 11 —



7. Non-supersymmetric extremal black holes in the STU model

For C' = 0 the theory described in section [ also contains extremal non-supersymmetric

black holes for [B3, [q-RJ]

Q?P* < (Q- P)%. (7.1)

As before, the entropy of these black holes can be obtained by extremizing the entropy
function. Due to the duality symmetries given in (B.§)), (p.9]), we can simplify the calculation
by choosing a representative é, P satisfying

Py=P;=Q2=04=0, (7.2)

and then rewriting the final result in a duality invariant form. It turns out that in this
case the resulting entropy function, after elimination of the auxiliary variable w, and the
electric field variables e!, has a Z, symmetry which allows us to set®

Im(T)=Im({U)=0. (7.3)

The final result for the entropy function after extremization is

Spn = 7/ (Q - P)2 — Q2P2. (7.4)

For simplicity we shall focus our attention on a special class of these black holes for

which
Q-P=0, P% >0, Q% <0. (7.5)

In this case instead of using the configuration ([[.2) we shall use a representative element

—Q2=Qs=Qo, Pi=FP3=F, Q=Q:=Ph=P=0, Qo, Po >0, (7.6)
so that we have
P?=2p7,  Q°=-2Qf, (7.7)

and, according to (b.6),

p'=Qu, p*=P, P’=P, q=Q. (7.8)

Note that the charge assignment ([.6]) differs from that of (f.12) by simple reversal of the
sign of Qy4, 1.e. of gqy. For C' = 0 the bosonic part of the action, after elimination of the
auxiliary field w, has a Zs symmetry that allows us to relate the black hole solutions for
the charge configurations (.12) and ([7.6) by simple reversl of the sign of ®. Thus the near
horizon geometry for the black hole solution corresponding to the charges given in ([.6) is

SPhysically this corresponds to a solution in heterotic string theory on T x T2 or K3 x T? where the
electric and magnetic charges associated with only one of the two circles of T2 are present. Thus T x S*
or K3 x S* part factorizes from the black hole geometry.
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obtained from (B.1§) by setting C' = 0, changing the sign of €°, and finally determining w
by solving its equation of motion. This gives

0 i 3
x ] 0 QOa x ] 0, T ] 0
1
v1 =16, vy =16. (7.9)

One can verify explicitly that this configuration extremizes the entropy function (B.9) for
F()?, A) = —X1X2X3/X0 The corresponding entropy is

Spu =21 Qo Py, (7.10)

in accordance with the general result ([.4). Our goal will be to analyze higher deriva-
tive corrections to the near horizon geometry of these non-supersymmetric black holes by

keeping C' # 0. In order to do so, it will be convenient to choose the gauge

(7.11)

N | —

w =

so that the leading order solution given in ([.9) already satisfies the gauge condition. In
this gauge the entropy function evaluated for P, @ of the form given in (F26) can be shown
to be invariant under the transformation

29 — (20, b — —(z)* for 1<i<3, el —» —¢' for 1<i<3. (7.12)

Thus we can look for a solution to the extremization equation within the subspace which
is invariant under the transformation (7-12), 1.e. we take

29 = (%)%, ' = —(z)* for 1<i<3, =0 for 1<i<3. (7.13)
It will be convenient to introduce rescaled real varibles 3°, y!, 2, y3, € through
¥ =Py, 2t =iQuyt, x?=iPy?, 23 =iPy’, € =Py, (7.14)
Substituting (.§), (7-11)-(7.14)) into (B.9) we get

o _mytyi4y {1
vy y° y° (y)
~012 ~0
e’ )“v e’v 81)—1) U1t
'+{_( )0§+' oé'% (2 1 . }
v1(y?)?  (y°)

C { &l V1 (60)2v2y Ovoyl  8uay'  3vivey?

5 = TI'QQPQ

}(yy +y7y° +y'y?)

_l’_

R [ + - —
P 19?2 20 wui(y0)? o 200)2 0 gy 16y°

~128y! ( 1)2>2
y° v2 U1

(7.15)
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Note that Qo Py = %\/ —Q?2P? appears as an overall factor in the above expression, and the
rest of the expression is a function of the combination C/P? = C/(2P2). Thus the black
hole entropy, obtained by extremizing ([.15) with respect to vy, va, €%, 4%, ¥*, y? and 33,

Spu =V —Q?*P? f (%) ; (7.16)

for some function f(u). We shall try to analyze f(u) as a power series expansion in u. The
leading contribution, which corresponds to setting the term involving C/P? in (7.15) to
zero, is given by

must be of the form:

FO) =7, (7.17)

The corresponding values of vq, va, €Y and y! are given by
vy =16, vy =16, & =-1, y*=1/8, ¢y =1/8, 3*=1/8, y>=1/8. (7.18)

These results are in agreement with ([.9), (F-10).
The order u term in f(u) can be obtained by evaluating the order C'/P? term in (7.17)
in the background ([f.1§). This gives

f(u) =m(1+80u+ Ou?)). (7.19)

In order to determine the higher order corrections to f(u) we need to solve the extremization
equations iteratively as a power series in u. The result for the first few terms is

f(u) = 7(1 + 80u — 3712u? — 243712u> — 18325504u* — 9538502656u°
+7416509890560u® + 1770853956059136u7 + 32680138894213120u2
—194861291843407052800u° — 115321933038468181524480u% + - --)

(7.20)

8. Black holes in M-theory on Calabi-Yau manifolds

In this section we shall repeat the analysis of the previous sections for a slightly general

class of theories, described by a prepotential of the form:

XAXBXxC x4

F =—dapc
where the indices A, B, C run from 1 to N, and dagc and d4 are real constants. The
corresponding action describes the low energy effective action of M-theory compactified
on S'x a large volume Calabi-Yau space M with N four cycles labeled by the index A
(1 < A< N). The gauge field Ag comes from the components of the metric with one index
along S! and the other index along a non-compact direction. On the other hand the gauge
field AZ‘ arises from the three form field Cynp with two of the indices along the two cycle of
M that is dual to the A-th four cycle, and the third index along a non-compact direction.
dapc are the intersection numbers of the four cycles, and d 4 are the second Chern class
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of the four cycles up to a normalization factor [B4]. This class of theories clearly includes
the prepotential (p.1) as a special case.
First consider a black hole solution for which®

P°=0, qa=0, q<0, dapcp?pPp® +256dsp® > 0. (8.2)

In this case it is easy to show that the following is a solution to the supersymmetric attractor

equations (p.1)-(b.5):

v] = v9 = 16, w=1,
4 1., o 1 [dapep?pPp© + 256dap”
s = gp, r =3 ?
8 8 —qo
d ApBpC + 256d 4pA
eo:\/ABCPPP TEBAAPT A for A=1,2,...N. (8.3)
—qo

The entropy associated with this solution is given by

Spu = 277\/_QO(dABCPApoC + 256d 4p?) . (8.4)

These results were first obtained in [J].

For d 4 = 0 the theory, after elimination of the auxiliary fields, has a Z5 symmetry that
allows us to construct a non-supersymmetric black hole solution from the one described
above by reversing the signs of gg and e [§. In the M-theory description this corre-
sponds to reversing the sign of the S' coordinate. We can construct the near horizon field
configuration associated with this solution from the one given in (B.3) by setting d4 = 0,
reversing the sign of gp and € leaving v1, vo and the z!’s unchanged, and then finding w
by extremizing the entropy function with respect to this variable. This gives:

1 1 d AB,,C
xA _ —ipA, =2 ABCP PP ’

8 8 qo

d ArprB,C
eV =— M, e =0 for A=1,2,...N,
q0
1
S 8.5
w=1, (85
for

pP’=0, qa=0, qo > 0, dapcp®p®p© > 0. (8.6)

It is easy to verify that this configuration extremizes the entropy function. The entropy
associated with this solution is given by

SBH = 27T\/Q0(dABCPAPBpC) . (8.7)

®These black holes have been analyzed in detail in @] Some recent discussion of these solutions can
be found in @]
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We shall now calculate corrections to this formula due to the higher derivative terms
proportional to d4. First we note that for the prepotential given in (B.I]), the function g

defined through eq. (B.9) is invariant under a Z5 symmetry:
pA —>pA7 po — —po, et — —eA, ed — eo, X4 - —XA, X0 X'O, wW— W. (8.8)

From the M-theory perspective this corresponds to a change of sign of the non-compact
directions accompanied by a reversal of the sign of the 3-form field. Thus for studying the
near horizon background associated with the p® = 0, g4 = 0 black hole we can consider a
Zo invariant configuration:

=0, =0 z*=iy?, 2=, w,y’ =real. (8.9)

In this case the function g defined through eq. (B.9) takes the form

8
g = y—o(vl — ) (dapcyyPyC + 2widay?)

3 2
v 1 1
+-2 (y_0> (dapcyyPy© + dwday™) (60 - §yOU1UJ>

U1
1)’ B.C 2 o 1o a 14
+ @ (Bdapcy”y” +4w?dy) | e” — §y nw | | p? — §y VoW
1 1
+3 ——dABC <pA — §y’4v2w> <pB — 5@/3 v2w> y©
1 C 2 A 0 1 0
+3 vow(dapey?yPyC + aw?day?) (e — gy v
1 1 1
o0 w(3dapcy®y” + dwdy,) ( 4 - §yszw>
11 c 2, A I 5 15 A
—wviva(dapeyyPyC + 4wt day?) + 165w [ —v1 —va + Zwvrvs | day
4y Y 8
+128y—0v1v2(v1_1 — oy )2 day?. (8.10)

This function has a scaling symmetry:

g(vr, vz, w, A0 {y 1 AT e {p 1)) = Aglon, v, w9 {y ), €0 {p)) (8.11)

which corresponds to scaling of the S' coordinate in the M-theory description. Now recall
that the entropy function

&= —TI'QOGO — 7 g(v1,v9,w, z°, {xA}, e, {pA}) , (8.12)

has to be extremized with respect to the variables vy, vo, €, y°, ¥y and w. This can be
done by first extremizing g with respect to v, ve, w, y° and y* and then extremizing the
resulting expression for £ with respect to €®. Due to the scaling behaviour given in (B.11]),
extremization of g with respect to vy, va, y° and y* gives a term of the form

LG (1))

€] e’

; (8.13)
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for some functions K ({pA}), L({p?}). The first term on the right hand side of this equation
is invariant under e’ — —e® whereas the second term changes sign under this transforma-
tion. Thus the second term reflects the effect of parity non-invariant terms in M-theory on

the Calabi-Yau manifold M.” Substituting (B.13) into (B:13) gives

A A
K(’{ng‘ o L({ﬁ) D (8.14)

E=—mqoe’ +

Extremizing this with respect to e now gives

Sart = € = 2 [(K({(p*}) = LUp* ) |aol . for a0 <0,

= 2m\/(K{p* D) + L{p D) a0, for g0 > 0, (3.15)

assuming that K ({p4}) > |[L({p?*})|.

Eq. (B1J) gives the general form of the entropy in this theory. Comparing (B.15)
with (84) for d4 = 0 and (B7) we see that to leading order K = dapcp”pPp©, L = 0. We
shall now calculate the first non-leading correction to K and L, 1.e. corrections of order d 4.
Eq. (84) shows that

K({p"}) — L({p™}) = dapcp™pPpC + 256dap™ (8.16)

exactly. To calculate K+ L we need to calculate the entropy of the black hole for ¢g > 0. For
this we note that since the entropy is the value of the entropy function £ at its extremum,
an error of order d4 in determining the near horizon background will affect the value of the
entropy function only at quadratic order in d4. Thus to first order in d4 the computation
of the entropy for ¢y > 0 involves evaluating the full entropy function in the near horizon
background given in (B.§). This is a straightforward task and yields:

4OdApA
St = 27y a0(dapcp pPrC) <1 s ) + Oldads). (8.17)
This corresponds to
K({p*}) + LUp™}) = dapcp™pPp© + 80dap™ + O(dadp) . (8.18)

For the choice dapcp”pPp® = p'p?p? and dap? = Cp', (B17) agrees with (7.10), (7-19)
to first order in C.

9. A puzzle

For theories obtained by dimensional reduction of five dimensional supersymmetric theories
of gravity on a circle, the entropy of a class of black holes can be analyzed using a five
dimensional picture [B5, B6]. The black holes discussed in sections ff fall into this class.

"Here parity transformation refers to the change of sign of the S' coordinate without any change in sign
of the 3-form field.
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For these black holes the three dimensional geometry that includes the compact direction
S1, the AdSo, component of the near horizon geometry, and the effect of the electric field
¥ (regarded as a component of the metric with one index along S' and the other index
along the time direction) describes a locally AdS3 space [p(], or more precisely the near
horizon geometry of an extremal BTZ black hole [f1]. Together with the S? factor this
gives a locally AdSs x S? near horizon geometry. The entropy of such a black hole can
then be analyzed using either an Euclidean action formalism [B5, B, or using Wald’s
formalism [53, f4]. The answer takes the form

h h
SBH:27T (\/CR6R+\/CL6L> ; (91)

where cg, ¢, hg and hy, are expressed as functions of various charges. For the black hole
solutions described in section J one finds [B3, 6],

hr = —q0, hr = 0, for q <0,
hp =0, hr=gqy, for g¢g9g>0, (9.2)

and
e = 6(dapop”pPp® +256dap”),  cr = 6(dapep”p”p® +128d.ap™). (9:3)
On the other hand, (B.15)-(B-1§) can be put in the form given in (P.1)), (P-2) with

e, =6 (K({p*}) — LH{p™})) = 6(dapop™p®p” + 256dap™),
cr =6 (K({p"}) + L{p™})) = 6(dapcp”p”p® +80dap™ + O(dadp)).  (9.4)

Comparing (P.3) and (P.4) we see that our value of ¢, agrees with that of [Bg, Bf], but our
value of cg differs from that of [Bg, Bf.

It is worthwhile reviewing the argument leading to the computation of cg — ¢y, = 12L
from the five dimensional perspective. Action (R.§), (R.9) with F given in (B.I)) has a term
proportional to

dAARe(XA/XO)Tr(R/\R) (9.5)

from the term in the action proportional to Fga. Here fn denotes an n-dimensional
integral. Since Re(X4/X?) can be identified as the component of the gauge field A4 along
St in the five dimensional description, the term (].H) arises from a term proportional to

dA/AA/\Tr(R/\R) =dy /dAA/\Qg, (9.6)
5 5

in five dimensions. Here 23 is the gravitational Chern-Simons term. We can now regard
the near horizon geometry of the black hole solution as a solution in three dimensional
theory, obtained by dimensional reduction of the five dimensional theory on the S? factor.
Since p? denotes the flux of the gauge field strength F4 = dA# through S2, the three
dimensional theory has a term in the action proportional to

dap? / Q3. (9.7)
3
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Furthermore this is the only parity non-invariant term in the action that affects the black
hole solution under study. Other possible parity non-invarint terms involving gauge Chern-
Simons terms and covariant derivatives of field strengths and curvature tensor do not
contribute in the background we are considering. The quantity L can now be computed
in terms of the coefficient of this parity non-invariant term using the method of [f4] and
gives the answer

L= —64dp”. (9.8)

This disagrees with the four dimensional result computed from (8.16)), (B.18§)
L =—88dsp™ 4+ O(dadp). (9.9)

The origin of this discrepancy is not completely clear to us. Here we discuss various
possibilities. However as indicated in the discussion, we have been able to rule out most of
these possibilities except the first one.

1. The analysis of [B3, Bf] applies to the problem at hand only if the action and the black
hole solution that we have used arises, up to a field redefinition, from dimensional
reduction of a gauge and general cordinate invariant five dimensional theory. This
can be shown to be true in the absence of higher derivative terms, but has not so far
been demonstrated for the theory including the higher derivative corrections. If the
dimensional reduction of the five dimensional theory produces the four dimensional
theory analyzed here together with an extra set of terms which are supersymmetric
by themselves, the discrepancy may be attributed to these missing terms in our four
dimensional action.

2. The analysis of B, uses the Euclidean action formalism as well as the formalism
based on calculation of anomalies in the boundary theory to compute the entropy of
a black hole with near horizon AdS3 x S? geometry. In the absence of the Chern-
Simons term the result for the black hole entropy agrees with the one computed using
Wald’s formalism [5J]. However Wald’s formalism cannot be applied directly in the
presence of Chern-Simons terms in the action since the Lagrangian density is not
manifestly general coordinate invariant. In contrast our analysis in four dimension
is based on Wald’s formalism since the four dimensional Lagrangian density may be
written in a manifestly general coordinate invariant form. One might wonder if the
discrepancy between our result and that of B, B6] can be attributed to a difference
between these two formalisms. This possibility however has been ruled out in [(4]
where the entropy of an extremal BTZ black hole in the presence of gravitational
Chern-Simons term (and other higher derivative terms) was computed using Wald’s
formalism by regarding this as a two dimensional configuration and shown to agree
with the results of the Euclidean computation.

3. In the analysis of [B3, the quantities hr, hr are defined as appropriate conserved
charges in the five dimensional theory, while the quantity qq is defined as a conserved
charge in the four dimensional theory. The relation (§.2) between hg, hy and the
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charge gg could in principle be renormalized in the presence of higher derivative
terms. However we have been able to rule out this possibility as well by regarding
the BTZ black hole as a two dimensional configuration and expressing the entropy
of an extremal BTZ black hole directly in terms of the gauge charge in the two
dimensional theory [54]. The formula for the entropy takes the same form as in (P.1])
with hgr, hy replaced by +qg as indicated in (9.3). After inclusion of the S factor
this shows that there is no renormalization factor between the conserved charges in
five and four dimensions due to the higher derivative terms.

4. The analysis of B3, relied on an indirect computation of cg + cr, based on su-
persymmetry relations. It is conceivable that there are subtle effects which affect
the various relations used in [B, B6] in arriving at the final formula for cg + cr.
This however does not affect the calculation of cg — ¢z = 12L({p*}) which can be
related directly to the gravitational Chern-Simons term in the five dimensional ac-
tion [B5, BA, p4]. Since our result for ¢, agrees with the five dimensional result while
the result for cp does not agree, we have a mismatch between the values of L({p?})
calculated using the two descriptions. This cannot be attributed to a failure of the
arguments based on supersymmetry relations.

In view of the discussion above the only possible explanation seems to be that the four
dimensional action given in (R.§), (R.9) fails to capture some of the terms which come from
dimensional reduction of a five dimensional supersymmetric theory. A probable reason for
this is the following.® The five dimensional supergravity multiplet, when dimensionally re-
duced to four dimensions, contains a gravity multiplet and an additional vector multiplet.
Thus if we add to the five dimensional action supersymmetrized curvature squared terms
then upon dimensional reduction to four dimensions, it will contain supersymmetrized cur-
vature squared terms and also another set of terms which involve supersymmetrization of
the four derivative term involving the additional vector multiplet fields. In contrast the
action used in [P—[] contains the minimal set of terms which are required for supersym-
metrizing the curvature squared terms. Thus this action could miss the additional terms
involving vector multiplet fields which would arise from the dimensional reduction of the
five dimensional action.

In view of this it is all the more surprising that for BPS black holes the result of [P~
[ agrees with the one obtined using the five dimensional picture [B5, Bf. Clearly some
additional non-renormalization theorems which hold only for supersymmetric black holes
are at work here. Presumably when the missing terms are included it will not change
the result for supersymmetric black hole, but the entropy of the special class of non-
supersymmetric black holes analyzed in sections B will agree with the corresponding
results derived from the five dimensional analysis. Once these terms are found, we can
calculate their effect on the entropy function and apply it to calculate the entropy of black
holes whose near horizon geometry do not necessarily have the AdS3 x S? form.

8This explanation was offered to us by G. Lopes Cardoso, B. de Wit, J. Kappeli and T. Mohaupt.
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