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1. Introduction

During the last several years study of higher derivative corrections to the entropy of ex-

tremal supersymmetric black holes have provided fruitful results in string theory [1 – 13].

In many examples these corrections match the appropriate corrections to the statistical

entropy of the corresponding microscopic system. Given this success one might ask: are

there similar results for non-supersymmetric black holes? While in general studying higher

derivative corrections to the entropy of a generic black hole is a difficult problem, a general

method for computing the entropy of extremal, but not necessarily supersymmetric black

holes was developed in [14, 15]. This method does not provide an explicit construction of

the full black hole solution, but gives a way to compute the near horizon field configuration

and entropy of an extremal black hole with a given set of charges assuming the existence of

the black hole solution. Various other recent approaches to studying non-supersymmetric

black holes in string theory can be found in [16 – 27].

In this paper we apply the method developed in [14, 15] to compute the entropy

of extremal black holes in four dimensional N = 2 supergravity theories with curvature

squared type corrections. We use fully supersymmetrized version of the action given in [28,

29] and construct the entropy function for a general extremal black hole solution following

the procedure given in [14, 15]. Extremizing the entropy function with respect to the

parameters labelling the near horizon background gives a set of algebraic equations for

– 1 –



J
H
E
P
0
9
(
2
0
0
6
)
0
2
9

these parameters and the value of the entropy function at the extremum gives the entropy

of the corresponding black hole. We show that these extremization equations admit a

class of solutions which coincide with the supersymmetric extremal black holes studied

in [1 – 7, 30 – 34]. In particular we recover the supersymmetric attractor equations of [1 –

7] in the presence of higher derivative terms. But our method allows us to go beyond

the supersymmetric configurations and study higher derivative corrections to the entropy

of extremal but non-supersymmetric black holes as well. We illustrate this by several

examples.

Although no explicit study of higher derivative corrections to these non-supersymmetric

solutions has been carried out before, there is a general argument due to Kraus and

Larsen [35, 36] which gives an expression for the entropy of a class of extremal non-

supersymmetric black holes when the four dimensional theory comes from the dimensional

reduction of a five dimensional theory and the near horizon geometry of the black hole

solution, expressed in the five dimensional language, has the structure of AdS3 × S2. Un-

fortunately we find that our results do not agree with the prediction of Kraus and Larsen.

The only possible explanation for this discrepancy seems to be that adding the minimal

set of terms in the four dimensional action that is required for supersymmetrization of

the curvature squared term does not reproduce all the terms which arise from dimensional

reduction of the curvature squared term in five dimensions.

The rest of the paper is organized as follows. In section 2 we review the bosonic part of

the N = 2 supergravity action with curvature squared corrections. In section 3 we propose

our ansatz for the near horizon geometry of extremal black holes in these theories, and

construct the entropy function for these black holes. The parameters labelling the near

horizon geometry of the black hole are obtained by extremizing the entropy function with

respect to these parameters. In section 4 we verify that the entropy function constructed in

section 3 is invariant under electric-magnetic duality transformation. In section 5 we show

that the equations obtained by extremizing the entropy function admit a class of solutions

which obey the well known supersymmetric attractor equations derived in [1 – 7]. However

this does not exhaust the set of solutions of the extremization equations and there are in

general other solutions which describe the near horizon geometry of non-supersymmetric

extremal black holes. In section 6 we use our formalism to study supersymmetric extremal

black holes in tree level heterotic string theory compactified on T 4 × T 2 or K3 × T 2 and

reproduce the known results for the entropy and near horizon geometry of these black holes.

Section 7 is devoted to the study of non-supersymmetric extremal black holes in the same

theory. We find an expression for the entropy of a class of extremal non-supersymmetric

black holes in a power series expansion in inverse power of the magnetic charge. In section 8

we extend our analysis of non-supersymmetric black holes to a more general class of models

describing M-theory compactification on Calabi-Yau manifolds, and explicitly compute the

first correction to the entropy of these black holes due to higher derivative terms. Finally

in section 9 we compare our results of sections 6, (8 to the predictions of [35, 36], assuming

that the four dimensional theory under consideration comes from dimensional reduction of

a five dimensional theory, and that the near horizon AdS2 × S2 geometry gets lifted to a

near horizon AdS3×S2 geometry in five dimensions. We find that the results do not agree.
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Although we do not have a complete understanding of the origin of this discrepancy, we

suggest a possible explanation for this apparent disagreement between the two results.

2. N = 2 supergravity action with higher derivative corrections

The off-shell formulation of N = 2 supergravity action in four dimensions was developed

in [37 – 43, 28, 29]. Here we shall review this formulation following the notation of [6].

The basic bosonic fields in the theory are a set of (N + 1) complex scalar fields X I with

0 ≤ I ≤ N (of which one can be gauged away using a scaling symmetry), (N + 1) gauge

fields AIµ and the metric gµν . Besides this the theory contains several non-dynamical fields.

These include a complex anti-self-dual antisymmetric tensor field T −µν , a real scalar field D,

a U(1) gauge field Aµ, an SU(2) gauge field V ijµ, a vector field Vµ, a set of SU(2) triplet

scalar fields Y I
ij with 0 ≤ I ≤ N , an SU(2) triplet scalar field Mij and an SU(2) matrix

valued scalar field Φα
i which transforms as a fundamental of the gauged SU(2) and also a

fundamental of a global SU(2) symmetry (see eq. (3.111) of [6]).1 Here i, j (1 ≤ i, j ≤ 2)

are indices labelling the fundamental representation of the gauged SU(2) and fields in the

triplet representation are obtained by taking the symmetric combination of a pair of indices

i, j. The SU(2) indices are raised and lowered by the antisymmetric tensors εij and εij
with ε12 = ε12 = 1. α (1 ≤ α ≤ 2) labels the fundamental representation of the global

SU(2). We define

F Iµν = ∂µA
I
ν − ∂νAIµ, ∗F Iµν =

1

2
(
√
−det g)−1εµνρσF Iρσ , F I±µν =

1

2
(F Iµν ± i ∗F Iµν)

fνµ = −1

2
Rνµ −

1

4
(D − 1

3
R)δνµ +

1

2
ε νρσµ (

√
−det g)−1∂ρAσ +

1

32
T−µρT

+νρ

R ρσ
µν = R ρσ

µν +
(
fρµδ

σ
ν − fρν δσµ − fσµ δρν + fσν δ

ρ
µ

)
− 1

32
(T−ρσT+

µν + T−µνT
+ρσ)

R± ρσ
µν =

1

2

(
R ρσ
µν ±

i

2
(
√
−det g)−1ερστδRµντδ

)

F ijµν = ∂µVijν − ∂νVijµ +
1

2
VikµVkjν −

1

2
VikνVkjµ

Â = T−µνT−µν , B̂ij = −8εkiFkjµνT−µν − 8εkjFkiµνT−µν ,
F̂−µν = −16R µν

ρσ T−ρσ

Ĉ = 64R−µνρσR−µνρσ + 32F−ijµνF
−jµν
i

−8T−µν{(∇µ − iAµ), (∇ρ − iAρ)}T+
ρν + 16T−µνfρµT

+
ρν (2.1)

Here εµνρσ denotes the totally antisymmetric tensor density with εtrθφ = 1 and T+µν =

(T−µν)∗. Anti-selfduality of T−µν imposes the condition:

T−µν = − i
2

(
√
−det g)−1 εµνρσ T−ρσ . (2.2)

1Following [6] we shall be using a non-linear multiplet as the second compensator field in our description

of the theory. We could also work with a description of the theory where we use e.g. a hypermultiplet as

the second compensator field [7]. The expression for the entropy function given in eq. (3.9) in independent

of which description we use. Also we shall be using K-gauge condition from the beginning where we set the

gauge field associated with the dilatation symmetry of conformal supergravity to zero [6].
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Note that our notation for the Riemann tensor Rµνρσ differs from that of [6] by a − sign.

We take

Γµνρ =
1

2
gµσ (∂νgσρ + ∂ρgσν − ∂σgνρ)

Rµνρσ = ∂ρΓ
µ
νσ − ∂σΓµνρ + ΓµτρΓ

τ
νσ − ΓµτσΓτνρ

Rνσ = Rµνµσ, R = gνσRνσ . (2.3)

For later use we also define

G−Iµν = −16πi
∂L

∂F−Iµν
, (2.4)

where
√−det g L is the Lagrangian density. In carrying out the differentiation on the right

hand side of (2.4) we must treat the F−Iµν for different {I, µ, ν} as independent variables so

that under a variation of F I
µν

δL =
i

16π

(
G−IµνδF

−Iµν −G+
IµνδF

+Iµν
)
. (2.5)

The action involving these fields is written in terms of the prepotential F ( ~X, Â), —

a meromorphic function of the complex fields X I and the composite auxiliary field Â. F

satisfies the condition:

F (λ ~X, λ2Â) = λ2F ( ~X, Â) . (2.6)

We define2

FI =
∂F

∂XI
, F bA =

∂F

∂Â
, FIJ =

∂2F

∂XI∂XJ
, F bAI =

∂2F

∂XI∂Â
, F bA bA =

∂2F

∂Â2
. (2.7)

In terms of the prepotential the bosonic part of the action is given by (see eq. (3.111) of [6])

S =

∫
d4x

√
−det gL , (2.8)

where

8π L = − i
2

(XI F̄I − X̄IFI)R +

[
i(∂µFI + iAµFI)(∂µX̄I − iAµX̄I)

+
i

4
FIJ (F−Iµν −

1

4
X̄IT−µν)(F−Jµν − 1

4
X̄JT−µν)

+
i

8
F̄I(F

−I
µν −

1

4
X̄IT−µν)T−µν − i

8
FIJY

I
ijY

Jij +
i

32
F̄ Â

+
i

2
F bAĈ −

i

8
F bA bA(B̂ijB̂

ij − 2F̂−µν F̂
−µν)

+
i

2
F̂−µνF bAI

(
F−Iµν −

1

4
X̄IT−µν

)
− i

4
B̂ijF bAIY

Iij + h.c.

]

−i(XI F̄I − X̄IFI)

(
∇µVµ −

1

2
V µVµ −

1

4
|Mij |2

+

(
∂µΦi

α +
1

2
ViµjΦj

α

)(
∂µΦα

i +
1

2
V k
iµΦα

k

))
.

(2.9)

2Note that we are using the same symbol F for the prepotential and the gauge field strengths. This

should not cause any confusion since the index structures of these two sets of quantities are quite different.
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Here Φj
α = (Φα

j )∗ and ∇µ denotes ordinary covariant derivative. Furthermore, the fields

are subject to the constraint

∇µVµ−
1

2
V µVµ−

1

4
|Mij |2 +

(
∂µΦi

α+
1

2
Viµj Φj

α

)(
∂µΦα

i +
1

2
V k
iµΦα

k

)
−D+

1

3
R = 0 . (2.10)

3. Entropy function for extremal black holes

In the theory described in section 2 we consider extremal black holes with near horizon

geometry of the form:3

ds2 = v1(−r2dt2 + dr2/r2) + v2(dθ2 + sin2 θdφ2)

F Irt = eI , F Iθφ = pI sin θ, XI = xI , T−rt = v1 w

D − 1

3
R = 0, Aµ = 0, V ijµ = 0, Vµ = 0, Mij = 0, Φα

i = δαi , Y I
ij = 0 .

(3.1)

As can be seen from the action (2.9) and the constraint (2.10), this is a consistent trun-

cation, respecting the symmetries of AdS2 × S2. In particular the equations of motion for

the fields D, Aµ, Vijµ, Vµ, Mij and Φα
i subject to the constraint (2.10), as well as the

constraint itself, are automatically satisfied for the background (3.1). We now define the

entropy function E(v1, v2, w, ~x,~e, ~q, ~p) as follows [14]

E(v1, v2, w, ~x,~e, ~q, ~p) = 2π

(
−1

2
~q.~e−

∫
dθdφ

√
−det g L

)
, (3.2)

where the
√−det g L appearing on the right hand side of eq. (3.2) is to be evaluated for the

background (3.1) and the integral over θ, φ is to be evaluated at fixed r, t. For an extremal

black hole carrying electric charge vector ~q and magnetic charge vector ~p the parameters ~x,

~e, v1, v2, w labelling the near horizon geometry are obtained by extremizing the function

E with respect to eI , xI , v1, v2 and w:

∂E
∂vi

= 0,
∂E
∂xI

= 0,
∂E
∂w

= 0,
∂E
∂eI

= 0 , (3.3)

and the entropy associated with the black hole is given by the value of the function E at

the extremum [14, 15]:

SBH = E . (3.4)

Comparing (2.4) with the equation obtained by extremizing (3.2) with respect to eI :

qI = −2
∂

∂eI

∫
dθdφ

√
−det g L , (3.5)

3Note that the normalization of the magnetic charge vector ~p used here differs from that of [14] by a

factor of 4π. Similarly the normalization of the electric charge vector ~q introduced in (3.2) differs from that

of [14] by a factor of − 1
2
. These normalizations have been chosen so as to be consistent with the ones used

in [6].
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and using the definition of eI given in (3.1), we can show that near the horizon

GIθφ = qI sin θ . (3.6)

We can now calculate the various quantities defined in eq. (2.1) for the background

described in (3.1). In particular we get

f rr = f tt =
1

2
v−1

1 −
1

32
ww̄ , f θθ = fφφ = −1

2
v−1

2 +
1

32
ww̄

fµν = 0 otherwise,

R nβ
mα = −R nβ

αm = −R βn
mα = R βn

αm =
1

2
(v−1

1 − v−1
2 )δnmδ

β
α

for α, β = r, t, m, n = θ, φ

R ρσ
µν = 0 otherwise, (3.7)

Â = −4w2, B̂ij = 0, F̂−µν = 0,

Ĉ = 16ww̄

(
−v−1

1 − v−1
2 +

1

8
ww̄

)
+ 128(v−1

1 − v−1
2 )2 . (3.8)

For the action given in (2.9), a straightforward calculation now gives:

E = −πqIeI − πv1v2

[
i(v−1

1 − v−1
2 )(xI F̄I − x̄IFI)

−
{ i

4
v−2

1 FIJ (eI − iv1v
−1
2 pI − 1

2
x̄Iv1w)(eJ − iv1v

−1
2 pJ − 1

2
x̄Jv1w) + h.c.

}

−
{ i

4
v−1

1 wF̄I(e
I − iv1v

−1
2 pI − 1

2
x̄Iv1w) + h.c.

}

+
{ i

8
w̄2F + h.c.

}
+ 8 i w̄w

(
− v−1

1 − v−1
2 +

1

8
w̄w
)(
F bA − F̄ bA

)

+64 i (v−1
1 − v−1

2 )2
(
F bA − F̄ bA

)]

≡ −πqIeI − π g(v1, v2, w, ~x,~e, ~p) . (3.9)

The entropy function defined here has a scale invariance

xI → λxI , vi → λ−1λ̄−1vi, eI → eI . w → λw, qI → qI , pI → pI . (3.10)

This descends from the invariance of the lagrangian density (2.9) under local scale transfor-

mation, and is usually eliminated by using some gauge fixing condition. We shall however

find it convenient to work with the gauge invariant equations of motion obtained by ex-

tremizing (3.9) with respect to v1, v2, w, ~x and ~e.

Since (3.9) is quadratic in the electric field variables eI we can explicitly eliminate

them by solving their equations of motion to express the entropy function as a function of

the other variables. A tedious but straightforward algebra shows that after eliminating the

variables eI the entropy function reduces to:
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E(v1, v2, w, ~x, ~q, ~p) = π

[
i(v1 − v2)(xI F̄I − x̄IFI)

+v1v
−1
2 ( pI qI )

(
(F̄N−1F)IJ −(F̄N−1) J

I

−(N−1F)IJ (N−1)IJ

) (
pJ

qJ

)

− i
2
v1

{
w ( pI qI )

(
(F̄N−1F)IJ −(F̄N−1) J

I

−(N−1F)IJ (N−1)IJ

) (
x̄J

F̄J

)
− h.c.

}

+8v1v2w̄
3w3(N−1)IJ F̄ bAIF bAJ

+
{

4iv1v2w̄
2w4

(
F bA bA + i (N−1)IJF bAIF bAJ

)
+ h.c.

}

+
i

8
v1v2ww̄(xI F̄I − x̄IFI) + 8iww̄(v1 + v2 −

1

16
v1v2ww̄)(F bA − F̄ bA)

−64 i v1v2

(
v−1

1 − v−1
2

)2 (
F bA − F̄ bA

)]
, (3.11)

where

NIJ = i
(
F̄IJ − FIJ

)
, (3.12)

and N, F denote matrices with matrix elements NIJ and FIJ respectively. Note that by

an abuse of notation we have continued to use the symbol E to denote the entropy function

even after elimination of the variables eI . In arriving at (3.11) we have used the relations

xIFI + 2ÂF bA = 2F, xIFIJ + 2ÂFJ bA = FJ , xIFI bA + 2ÂF bA bA = 0 , (3.13)

which follow from (2.6).

4. Symplectic invariance of the entropy function

As has been discussed in [1 – 7], the equations of motion derived from the Lagrangian

density (2.9) retain their form under a symplectic transformation:
(
X̌I

F̌J

)
=

(
U IK ZIL

WJK V L
J

)(
XK

FL

)
,

(
F̌±Iµν
Ǧ±Jµν

)
=

(
U IK ZIL

WJK V L
J

)(
F±Kµν
G±Lµν

)
, (4.1)

with all other fields, including the metric gµν and the auxiliary field T−µν , remaining invari-

ant. Here U , Z, W and V are each (N + 1)× (N + 1) matrix, satisfying the conditions

UTW −W TU = 0, ZTV − V TZ = 0, UTV −W TZ = 1 , (4.2)

so that

(
U Z

W V

)
is a symplectic matrix. Eq. (4.1) not only tells us how the fundamental

fields XI and F Iµν transform under this transformation, but also implicitly tells us how the

prepotential F transforms to a new prepotential F̌ (so that F̌I = ∂F̌ /∂X̌I ). Since in general

F̌ and F have different functional forms, the transformation (4.1) is not a symmetry. In

special cases where F̌ and F have the same form, the symplectic transformations generate

(continuous) duality symmetries of the classical theory.

From (3.1), (3.6) it follows that under a symplectic transformation the parameters

labelling the near horizon geometry of a black hole transform as
(
x̌I

F̌J

)
=

(
U IK ZIL

WJK V L
J

)(
xK

FL

)
,

(
p̌I

q̌J

)
=

(
U IK ZIL

WJK V L
J

)(
pK

qL

)
,

v̌1 = v1, v̌2 = v2, w̌ = w . (4.3)

– 7 –
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We shall now verify that the entropy function (3.11) is invariant under the symplectic

transformation. Using the relations (see e.g. eqs.(3.88), (3.97)-(3.99) of [6])

F̌ bA = F bA , F̌ = (V F +W )(U + ZF)−1 , Ň−1 = S̄N−1ST = SN−1S̄T ,
F̌ bAI = F bAJ(S−1)JI , F̌ bA bA = F bA bA − F bAIF bAJZ

IJ (4.4)

where

SIJ = U IJ + ZIKFKJ , ZIK = (S−1)IJZ
JK , (4.5)

it is easy to check that

F̌ bA bA + i(Ň−1)IJ F̌ bAI F̌ bAJ = F bA bA + i(N−1)IJF bAIF bAJ , (4.6)

and
( ˇ̄FŇ−1F̌ −ˇ̄FŇ−1

−Ň−1F̌ Ň−1

)
=

(
V −W
−Z U

)(
F̄N−1F −F̄N−1

−N−1F N−1

)(
V T −ZT
−W T UT

)
. (4.7)

Using (4.1)-(4.7) it is straightforward to verify that the entropy function given in (3.11) is

invariant under a sympletic transformation. This is in accordance with the general result

on duality invariance of the entropy function discussed in [15].

5. Supersymmetric attractors

It can be easily seen that the extremization equations (3.3) can be satisfied by setting

v1 = v2 =
16

w̄w
, (5.1)

eI − iv1v
−1
2 pI − 1

2
x̄Iv1w = 0 (5.2)

(w̄−1F̄I − w−1FI) = − i
4
qI . (5.3)

Taking the real and imaginary parts of eq. (5.2) gives

eI = 4(w̄−1x̄I + w−1xI) , (5.4)

and

(w̄−1x̄I − w−1xI) = −1

4
i pI . (5.5)

The black hole entropy computed using Wald’s formalism [44 – 47] is equal to the entropy

function evaluated for this background [14] and is given by

SBH = 2π

[
−1

2
~q · ~e− 16 i (w−2F − w̄−2F̄ )

]
. (5.6)

If we choose w=constant gauge (which corresponds to Â=−4w2=constant), then eqs. (5.1)-

(5.5) describe the usual attractor equations for the near horizon geometry of extremal

black holes, and (5.6) gives the expression for the entropy of these black holes as written
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down in [48]. For example (5.6) shows that in the gauge w =real constant, the Legendre

transform of the black hole entropy with respect to the electric charges qI is proportional

to the imaginary part of the prepotential F . Furthermore eqs. (5.1), (5.2) shows that the

argument xI of the prepotential is proportional to eI + ipI , ı.e. its real part is the variable

conjugate to the electric charge qI and its imaginary part is the magnetic charge pI . These

are some of the observations made in [48].

Note that the attractor equations (5.1)-(5.5) provide sufficient but not necessary con-

ditions for extremizing the entropy function. In section 7 we shall find near horizon con-

figurations which extremize the entropy function but do not satisfy eqs. (5.1)-(5.5).

6. Supersymmetric black holes in the STU model

Let us now restrict our attention to a specific theory with three vector multiplets and a

prepotential

F (X0, X1, X2, X3, Â) = −X
1X2X3

X0
− CÂ X1

X0
. (6.1)

For C = 1/64 this describes a subsector of the low energy effective action for tree level

heterotic string theory on T 4 × T 2 or K3× T 2, with the identification

X1

X0
= iS ,

X2

X0
= iT ,

X3

X0
= iU , (6.2)

where S, T and U denote the usual axion-dilaton field, the Kahler modulus of T 2 and

the complex structure modulus of T 2 respectively. The corresponding gauge fields A0
µ, . . .

A3
µ may be identified as the components of the metric and the rank two anti-symmetric

tensor field with one index along one of the directions of T 2 and the other index along a

non-compact direction.4

For the choice of the prepotential given in (6.1) the equations of motion derived from

the lagrangian density (2.9) are invariant under the SO(2, 2) = SL(2, R) × SL(2,R) T-

duality transformation:

X0 → cX3 + dX0 , X1 → −cF2 + dX1 ,

X2 → −cF1 + dX2 , X3 → aX3 + bX0 ,

F0 → aF0 − bF3 , F1 → aF1 − bX2 ,

F2 → aF2 − bX1 , F3 → −cF0 + dF3 ,

F−3
µν → aF−3

µν + b F−0
µν , F−0

µν → c F−3
µν + dF−0

µν ,

G−1µν → aG−1µν − b F−2
µν , F−2

µν → −cG−1µν + dF−2
µν

G−3µν → dG−3µν − cG−0µν , G−0µν → −bG−3µν + aG−0µν ,

F−1
µν → dF−1

µν − cG−2µν , G−2µν → −b F−1
µν + aG−2µν (6.3)

4In order to make this identification we need to dualize the gauge field A1
µ. This is reflected in the

relation (6.6) between the charges (~q, ~p) in this theory and the charges ( ~Q, ~P ) in heterotic string compacti-

fication.
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and

X0 → rX2 + sX0 , X1 → −rF3 + sX1 ,

X3 → −rF1 + sX3 , X2 → kX2 + lX0 ,

F0 → kF0 − lF2 , F1 → kF1 − lX3 ,

F3 → kF3 − lX1 , F2 → −rF0 + sF2 ,

F−2
µν → k F−2

µν + l F−0
µν , F−0

µν → r F−2
µν + sF−0

µν ,

G−1µν → k G−1µν − l F−3
µν , F−3

µν → −r G−1µν + sF−3
µν

G−2µν → sG−2µν − r G−0µν , G−0µν → −l G−2µν + k G−0µν ,

F−1
µν → sF−1

µν − r G−3µν , G−3µν → −l F−1
µν + k G−3µν , (6.4)

where

ad− bc = 1, ks− lr = 1, a, b, c, d, k, l, r, s ∈ RR . (6.5)

These are special cases of the symplectic transformations discussed in section 4 for which

F̌ has the same functional form as F .

We now define:

Q1 = q2, Q2 = −p1, Q3 = q3, Q4 = q0 ,

P1 = p3, P2 = p0, P3 = p2, P4 = q1 , (6.6)

Q2 = 2(Q1Q3 +Q2Q4), P 2 = 2(P1P3 +P2P4), Q ·P = (Q1P3 +Q3P1 +Q2P4 +Q4P2) ,

(6.7)

where pI and qI have been defined in eqs. (3.1) and (3.6). From (6.3)-(6.6) it follows that

the duality transformations act on ~P , ~Q as SO(2, 2) transformations:




Q1

Q2

Q3

Q4


→ Ω




Q1

Q2

Q3

Q4


 ,




P1

P2

P3

P4


→ Ω




P1

P2

P3

P4


 , (6.8)

where Ω is the SO(2, 2) matrix

Ω =




s 0 0 −r
0 s r 0

0 l k 0

−l 0 0 k







a b 0 0

c d 0 0

0 0 d −c
0 0 −b a


 . (6.9)

Q2, P 2 and Q ·P defined in (6.7) are the three independent duality invariant combinations

which can be formed out of ~Q and ~P . Thus the black hole entropy depends only on these

combinations.

Supersymmetric black holes in this theory have been analyzed in detail in [1 – 7]. These

black holes exist for P 2 > 0, (Q · P )2 < Q2P 2 and the entropy associated with these black

holes can be obtained by extremizing the entropy function with respect to various near

horizon parameters, and plugging them into (5.6). The solution satisfies the supersym-

metric attractor equations given in (5.1)-(5.5). Due to the duality symmetry (6.8) we can
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choose to work in a special frame in which P2 = 0, ı.e. p0 = 0. By solving the attractor

equations (5.1)-(5.5) and using the definitions (6.6), (6.7) we get, in the w = 1 gauge,

x0 = −1

8
Q2

√
P 2(P 2 + 512C)

P 2Q2 − (P ·Q)2

x1

x0
= −P ·Q

P 2
+ i

√
P 2Q2 − (P ·Q)2

P 2(P 2 + 512C)

x2

x0
= − 1

2Q2P1
(Q2P4 +Q1P3 − P1Q3)− i P3

Q2

√
P 2Q2 − (P ·Q)2

P 2(P 2 + 512C)

x3

x0
= − 1

2Q2P3
(Q2P4 −Q1P3 + P1Q3)− i P1

Q2

√
P 2Q2 − (P ·Q)2

P 2(P 2 + 512C)

v1 = v2 = 16, eI = 8Re(xI) for 0 ≤ I ≤ 3, w = 1 . (6.10)

The entropy associated with these black holes is given by

SBH = π
√
P 2Q2 − (P ·Q)2

√
1 +

512C

P 2
. (6.11)

This result was derived in [4] and reviewed in eq. (6.64) of [6].

The solution simplifies for a specific class of black holes for which P · Q = 0. In this

case we can get supersymmetric black holes if Q2 > 0, P 2 > 0. A representative element

satisfying this condition is

P1 = P3 = P0, Q2 = Q4 = −Q0, P2 = P4 = Q1 = Q3 = 0, Q0, P0 > 0 ,

(6.12)

with P0 > 0, Q0 > 0. In this case

Q2 = 2Q2
0, P 2 = 2P 2

0 , (6.13)

and, according to (6.6),

p1 = Q0, p2 = P0, p3 = P0, q0 = −Q0 , (6.14)

with all other charges zero. Eqs. (6.10), (6.11) now reduce to:

x0 =
1

8

√
P 2

0 + 256C, x1 =
i

8
Q0, x2 =

i

8
P0, x3 =

i

8
P0,

e0 =
√
P 2

0 + 256C, e1 = e2 = e3 = 0 , w = 1 ,

v1 = 16, v2 = 16 , (6.15)

and

SBH = 2πQ0

√
P 2

0 + 256C = π
√
Q2 P 2

√
1 + 512

C

P 2
. (6.16)
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7. Non-supersymmetric extremal black holes in the STU model

For C = 0 the theory described in section 6 also contains extremal non-supersymmetric

black holes for [33, 16 – 22]

Q2P 2 < (Q · P )2 . (7.1)

As before, the entropy of these black holes can be obtained by extremizing the entropy

function. Due to the duality symmetries given in (6.8), (6.9), we can simplify the calculation

by choosing a representative ~Q, ~P satisfying

P2 = P4 = Q2 = Q4 = 0 , (7.2)

and then rewriting the final result in a duality invariant form. It turns out that in this

case the resulting entropy function, after elimination of the auxiliary variable w, and the

electric field variables eI , has a Z2 symmetry which allows us to set5

Im(T ) = Im(U) = 0 . (7.3)

The final result for the entropy function after extremization is

SBH = π
√

(Q · P )2 −Q2P 2 . (7.4)

For simplicity we shall focus our attention on a special class of these black holes for

which

Q · P = 0, P 2 > 0, Q2 < 0 . (7.5)

In this case instead of using the configuration (7.2) we shall use a representative element

−Q2 = Q4 = Q0, P1 = P3 = P0, Q1 = Q3 = P2 = P4 = 0, Q0, P0 > 0 , (7.6)

so that we have

P 2 = 2P 2
0 , Q2 = −2Q2

0 , (7.7)

and, according to (6.6),

p1 = Q0, p2 = P0, p3 = P0, q0 = Q0 . (7.8)

Note that the charge assignment (7.6) differs from that of (6.12) by simple reversal of the

sign of Q4, ı.e. of q0. For C = 0 the bosonic part of the action, after elimination of the

auxiliary field w, has a Z2 symmetry that allows us to relate the black hole solutions for

the charge configurations (6.12) and (7.6) by simple reversl of the sign of e0. Thus the near

horizon geometry for the black hole solution corresponding to the charges given in (7.6) is

5Physically this corresponds to a solution in heterotic string theory on T 4 × T 2 or K3 × T 2 where the

electric and magnetic charges associated with only one of the two circles of T 2 are present. Thus T 4 × S1

or K3× S1 part factorizes from the black hole geometry.
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obtained from (6.15) by setting C = 0, changing the sign of e0, and finally determining w

by solving its equation of motion. This gives

x0 =
1

8
P0, x1 =

i

8
Q0, x2 =

i

8
P0, x3 =

i

8
P0,

e0 = −P0, e1 = e2 = e3 = 0, w =
1

2
,

v1 = 16, v2 = 16 . (7.9)

One can verify explicitly that this configuration extremizes the entropy function (3.9) for

F ( ~X, Â) = −X1X2X3/X0. The corresponding entropy is

SBH = 2π Q0 P0 , (7.10)

in accordance with the general result (7.4). Our goal will be to analyze higher deriva-

tive corrections to the near horizon geometry of these non-supersymmetric black holes by

keeping C 6= 0. In order to do so, it will be convenient to choose the gauge

w =
1

2
(7.11)

so that the leading order solution given in (7.9) already satisfies the gauge condition. In

this gauge the entropy function evaluated for ~P , ~Q of the form given in (7.6) can be shown

to be invariant under the transformation

x0 → (x0)∗, xi → −(xi)∗ for 1 ≤ i ≤ 3, ei → −ei for 1 ≤ i ≤ 3 . (7.12)

Thus we can look for a solution to the extremization equation within the subspace which

is invariant under the transformation (7.12), ı.e. we take

x0 = (x0)∗, xi = −(xi)∗ for 1 ≤ i ≤ 3, ei = 0 for 1 ≤ i ≤ 3 . (7.13)

It will be convenient to introduce rescaled real varibles y0, y1, y2, y3, ẽ0 through

x0 = P0y
0, x1 = iQ0y

1, x2 = iP0y
2, x3 = iP0y

3, e0 = P0ẽ
0 . (7.14)

Substituting (7.8), (7.11)-(7.14) into (3.9) we get

E = πQ0P0

[
− ẽ0 − v1

v2

y1 + y2 + y3

y0
+

{
v1

y0
− ẽ0

(y0)2

}
(y1y2 + y2y3 + y1y3)

+

{
− (ẽ0)2v2

v1(y0)3
+
ẽ0v2

(y0)2
+

8(v2 − v1)

y0
− v1v2

2y0

}
y1y2y3

+
C

P 2
0

{
− ẽ0

(y0)2
+

v1

2y0
− (ẽ0)2v2y

1

v1(y0)3
+
ẽ0v2y

1

2(y0)2
+

8v2y
1

y0
− 3v1v2y

1

16y0

−128y1

y0

(
v1

v2
− v2

v1

)2
}]

(7.15)
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Note that Q0P0 = 1
2

√
−Q2P 2 appears as an overall factor in the above expression, and the

rest of the expression is a function of the combination C/P 2 = C/(2P 2
0 ). Thus the black

hole entropy, obtained by extremizing (7.15) with respect to v1, v2, ẽ0, y0, y1, y2 and y3,

must be of the form:

SBH =
√
−Q2P 2 f

(
C

P 2

)
, (7.16)

for some function f(u). We shall try to analyze f(u) as a power series expansion in u. The

leading contribution, which corresponds to setting the term involving C/P 2 in (7.15) to

zero, is given by

f(0) = π . (7.17)

The corresponding values of v1, v2, ẽ0 and yI are given by

v1 = 16, v2 = 16, ẽ0 = −1, y0 = 1/8, y1 = 1/8, y2 = 1/8, y3 = 1/8 . (7.18)

These results are in agreement with (7.9), (7.10).

The order u term in f(u) can be obtained by evaluating the order C/P 2 term in (7.15)

in the background (7.18). This gives

f(u) = π(1 + 80u+O(u2)) . (7.19)

In order to determine the higher order corrections to f(u) we need to solve the extremization

equations iteratively as a power series in u. The result for the first few terms is

f(u) = π(1 + 80u − 3712u2 − 243712u3 − 18325504u4 − 9538502656u5

+7416509890560u6 + 1770853956059136u7 + 32680138894213120u8

−194861291843407052800u9 − 115321933038468181524480u10 + · · ·)
(7.20)

8. Black holes in M-theory on Calabi-Yau manifolds

In this section we shall repeat the analysis of the previous sections for a slightly general

class of theories, described by a prepotential of the form:

F = −dABC
XAXBXC

X0
− dA

XA

X0
Â , (8.1)

where the indices A, B, C run from 1 to N , and dABC and dA are real constants. The

corresponding action describes the low energy effective action of M-theory compactified

on S1× a large volume Calabi-Yau space M with N four cycles labeled by the index A

(1 ≤ A ≤ N). The gauge field A0
µ comes from the components of the metric with one index

along S1 and the other index along a non-compact direction. On the other hand the gauge

field AAµ arises from the three form field CMNP with two of the indices along the two cycle of

M that is dual to the A-th four cycle, and the third index along a non-compact direction.

dABC are the intersection numbers of the four cycles, and dA are the second Chern class
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of the four cycles up to a normalization factor [34]. This class of theories clearly includes

the prepotential (6.1) as a special case.

First consider a black hole solution for which6

p0 = 0, qA = 0, q0 < 0, dABCp
ApBpC + 256dAp

A > 0 . (8.2)

In this case it is easy to show that the following is a solution to the supersymmetric attractor

equations (5.1)-(5.5):

v1 = v2 = 16, w = 1 ,

xA =
1

8
ipA, x0 =

1

8

√
dABCpApBpC + 256dApA

−q0
,

e0 =

√
dABCpApBpC + 256dApA

−q0
, eA = 0 for A = 1, 2, . . . N . (8.3)

The entropy associated with this solution is given by

SBH = 2π
√
−q0(dABCpApBpC + 256dApA) . (8.4)

These results were first obtained in [2].

For dA = 0 the theory, after elimination of the auxiliary fields, has a Z2 symmetry that

allows us to construct a non-supersymmetric black hole solution from the one described

above by reversing the signs of q0 and e0 [18]. In the M-theory description this corre-

sponds to reversing the sign of the S1 coordinate. We can construct the near horizon field

configuration associated with this solution from the one given in (8.3) by setting dA = 0,

reversing the sign of q0 and e0 leaving v1, v2 and the xI ’s unchanged, and then finding w

by extremizing the entropy function with respect to this variable. This gives:

v1 = v2 = 16,

xA =
1

8
ipA, x0 =

1

8

√
dABCpApBpC

q0
,

e0 = −
√
dABCpApBpC

q0
, eA = 0 for A = 1, 2, . . . N ,

w =
1

2
, (8.5)

for

p0 = 0, qA = 0, q0 > 0, dABCp
ApBpC > 0 . (8.6)

It is easy to verify that this configuration extremizes the entropy function. The entropy

associated with this solution is given by

SBH = 2π
√
q0(dABCpApBpC) . (8.7)

6These black holes have been analyzed in detail in [34]. Some recent discussion of these solutions can

be found in [49].
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We shall now calculate corrections to this formula due to the higher derivative terms

proportional to dA. First we note that for the prepotential given in (8.1), the function g

defined through eq. (3.9) is invariant under a Z2 symmetry:

pA → pA, p0 → −p0, eA → −eA, e0 → e0, XA → −X̄A, X0 → X̄0, w → w̄ . (8.8)

From the M-theory perspective this corresponds to a change of sign of the non-compact

directions accompanied by a reversal of the sign of the 3-form field. Thus for studying the

near horizon background associated with the p0 = 0, qA = 0 black hole we can consider a

Z2 invariant configuration:

p0 = 0, eA = 0, xA = iyA, x0 = y0, w, yI = real . (8.9)

In this case the function g defined through eq. (3.9) takes the form

g =
8

y0
(v1 − v2)(dABCy

AyByC + 2w2dAy
A)

+
v2

v1

(
1

y0

)3

(dABCy
AyByC + 4w2dAy

A)

(
e0 − 1

2
y0v1w

)2

+

(
1

y0

)2

(3dABCy
ByC + 4w2dA)

(
e0 − 1

2
y0v1w

)(
pA − 1

2
yAv2w

)

+3
v1

v2

1

y0
dABC

(
pA − 1

2
yAv2w

)(
pB − 1

2
yBv2w

)
yC

+
1

2

(
1

y0

)2

v2w(dABCy
AyByC + 4w2dAy

A)

(
e0 − 1

2
y0v1w

)

−1

2

1

y0
v1w(3dABCy

ByC + 4w2dA)

(
pA − 1

2
yAv2w

)

−1

4

1

y0
w2v1v2(dABCy

AyByC + 4w2dAy
A) + 16

1

y0
w2

(
−v1 − v2 +

1

8
w2v1v2

)
dAy

A

+128
1

y0
v1v2(v−1

1 − v−1
2 )2 dAy

A . (8.10)

This function has a scaling symmetry:

g(v1, v2, w, λ
−1y0, {yA}, λ−1e0, {pA}) = λ g(v1, v2, w, y

0, {yA}, e0, {pA}) , (8.11)

which corresponds to scaling of the S1 coordinate in the M-theory description. Now recall

that the entropy function

E = −πq0e
0 − π g(v1, v2, w, x

0, {xA}, e0, {pA}) , (8.12)

has to be extremized with respect to the variables v1, v2, e0, y0, yA and w. This can be

done by first extremizing g with respect to v1, v2, w, y0 and yA and then extremizing the

resulting expression for E with respect to e0. Due to the scaling behaviour given in (8.11),

extremization of g with respect to v1, v2, y0 and yA gives a term of the form

g = −K({pA})
|e0| +

L({pA})
e0

, (8.13)
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for some functions K({pA}), L({pA}). The first term on the right hand side of this equation

is invariant under e0 → −e0 whereas the second term changes sign under this transforma-

tion. Thus the second term reflects the effect of parity non-invariant terms in M-theory on

the Calabi-Yau manifold M.7 Substituting (8.13) into (8.12) gives

E = −πq0e
0 + π

K({pA})
|e0| − π L({pA})

e0
. (8.14)

Extremizing this with respect to e0 now gives

SBH = E = 2π
√

(K({pA})− L({pA})) |q0| , for q0 < 0 ,

= 2π
√

(K({pA}) + L({pA})) q0 , for q0 > 0 , (8.15)

assuming that K({pA}) ≥ |L({pA})|.
Eq. (8.15) gives the general form of the entropy in this theory. Comparing (8.15)

with (8.4) for dA = 0 and (8.7) we see that to leading order K = dABCp
ApBpC , L = 0. We

shall now calculate the first non-leading correction to K and L, ı.e. corrections of order dA.

Eq. (8.4) shows that

K({pA})− L({pA}) = dABCp
ApBpC + 256dAp

A , (8.16)

exactly. To calculate K+L we need to calculate the entropy of the black hole for q0 > 0. For

this we note that since the entropy is the value of the entropy function E at its extremum,

an error of order dA in determining the near horizon background will affect the value of the

entropy function only at quadratic order in dA. Thus to first order in dA the computation

of the entropy for q0 > 0 involves evaluating the full entropy function in the near horizon

background given in (8.5). This is a straightforward task and yields:

SBH = 2π
√
q0(dABCpApBpC)

(
1 +

40dAp
A

dABCpApBpC

)
+O(dAdB) . (8.17)

This corresponds to

K({pA}) + L({pA}) = dABCp
ApBpC + 80dAp

A +O(dAdB) . (8.18)

For the choice dABCp
ApBpC = p1p2p3 and dAp

A = Cp1, (8.17) agrees with (7.16), (7.19)

to first order in C.

9. A puzzle

For theories obtained by dimensional reduction of five dimensional supersymmetric theories

of gravity on a circle, the entropy of a class of black holes can be analyzed using a five

dimensional picture [35, 36]. The black holes discussed in sections 6-8 fall into this class.

7Here parity transformation refers to the change of sign of the S1 coordinate without any change in sign

of the 3-form field.
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For these black holes the three dimensional geometry that includes the compact direction

S1, the AdS2 component of the near horizon geometry, and the effect of the electric field

e0 (regarded as a component of the metric with one index along S1 and the other index

along the time direction) describes a locally AdS3 space [50], or more precisely the near

horizon geometry of an extremal BTZ black hole [51]. Together with the S2 factor this

gives a locally AdS3 × S2 near horizon geometry. The entropy of such a black hole can

then be analyzed using either an Euclidean action formalism [35, 36, 52] or using Wald’s

formalism [53, 54]. The answer takes the form

SBH = 2π

(√
cRhR

6
+

√
cLhL

6

)
, (9.1)

where cR, cL, hR and hL are expressed as functions of various charges. For the black hole

solutions described in section 8 one finds [35, 36],

hL = −q0, hR = 0, for q0 < 0 ,

hL = 0, hR = q0, for q0 > 0 , (9.2)

and

cL = 6(dABCp
ApBpC + 256dAp

A), cR = 6(dABCp
ApBpC + 128dAp

A) . (9.3)

On the other hand, (8.15)-(8.18) can be put in the form given in (9.1), (9.2) with

cL = 6
(
K({pA})− L({pA})

)
= 6(dABCp

ApBpC + 256dAp
A),

cR = 6
(
K({pA}) + L({pA})

)
= 6(dABCp

ApBpC + 80dAp
A +O(dAdB)) . (9.4)

Comparing (9.3) and (9.4) we see that our value of cL agrees with that of [35, 36], but our

value of cR differs from that of [35, 36].

It is worthwhile reviewing the argument leading to the computation of cR − cL = 12L

from the five dimensional perspective. Action (2.8), (2.9) with F given in (8.1) has a term

proportional to

dA

∫

4
Re(XA/X0)Tr(R ∧R) (9.5)

from the term in the action proportional to F bAĈ. Here
∫
n denotes an n-dimensional

integral. Since Re(XA/X0) can be identified as the component of the gauge field AA along

S1 in the five dimensional description, the term (9.5) arises from a term proportional to

dA

∫

5
AA ∧ Tr(R ∧R) = dA

∫

5
dAA ∧ Ω3 , (9.6)

in five dimensions. Here Ω3 is the gravitational Chern-Simons term. We can now regard

the near horizon geometry of the black hole solution as a solution in three dimensional

theory, obtained by dimensional reduction of the five dimensional theory on the S 2 factor.

Since pA denotes the flux of the gauge field strength FA = dAA through S2, the three

dimensional theory has a term in the action proportional to

dA p
A

∫

3
Ω3 . (9.7)
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Furthermore this is the only parity non-invariant term in the action that affects the black

hole solution under study. Other possible parity non-invarint terms involving gauge Chern-

Simons terms and covariant derivatives of field strengths and curvature tensor do not

contribute in the background we are considering. The quantity L can now be computed

in terms of the coefficient of this parity non-invariant term using the method of [54] and

gives the answer

L = −64 dAp
A . (9.8)

This disagrees with the four dimensional result computed from (8.16), (8.18)

L = −88 dAp
A +O(dAdB) . (9.9)

The origin of this discrepancy is not completely clear to us. Here we discuss various

possibilities. However as indicated in the discussion, we have been able to rule out most of

these possibilities except the first one.

1. The analysis of [35, 36] applies to the problem at hand only if the action and the black

hole solution that we have used arises, up to a field redefinition, from dimensional

reduction of a gauge and general cordinate invariant five dimensional theory. This

can be shown to be true in the absence of higher derivative terms, but has not so far

been demonstrated for the theory including the higher derivative corrections. If the

dimensional reduction of the five dimensional theory produces the four dimensional

theory analyzed here together with an extra set of terms which are supersymmetric

by themselves, the discrepancy may be attributed to these missing terms in our four

dimensional action.

2. The analysis of [35, 36] uses the Euclidean action formalism as well as the formalism

based on calculation of anomalies in the boundary theory to compute the entropy of

a black hole with near horizon AdS3 × S2 geometry. In the absence of the Chern-

Simons term the result for the black hole entropy agrees with the one computed using

Wald’s formalism [53]. However Wald’s formalism cannot be applied directly in the

presence of Chern-Simons terms in the action since the Lagrangian density is not

manifestly general coordinate invariant. In contrast our analysis in four dimension

is based on Wald’s formalism since the four dimensional Lagrangian density may be

written in a manifestly general coordinate invariant form. One might wonder if the

discrepancy between our result and that of [35, 36] can be attributed to a difference

between these two formalisms. This possibility however has been ruled out in [54]

where the entropy of an extremal BTZ black hole in the presence of gravitational

Chern-Simons term (and other higher derivative terms) was computed using Wald’s

formalism by regarding this as a two dimensional configuration and shown to agree

with the results of the Euclidean computation.

3. In the analysis of [35, 36] the quantities hR, hL are defined as appropriate conserved

charges in the five dimensional theory, while the quantity q0 is defined as a conserved

charge in the four dimensional theory. The relation (9.2) between hR, hL and the
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charge q0 could in principle be renormalized in the presence of higher derivative

terms. However we have been able to rule out this possibility as well by regarding

the BTZ black hole as a two dimensional configuration and expressing the entropy

of an extremal BTZ black hole directly in terms of the gauge charge in the two

dimensional theory [54]. The formula for the entropy takes the same form as in (9.1)

with hR, hL replaced by ±q0 as indicated in (9.2). After inclusion of the S2 factor

this shows that there is no renormalization factor between the conserved charges in

five and four dimensions due to the higher derivative terms.

4. The analysis of [35, 36] relied on an indirect computation of cR + cL based on su-

persymmetry relations. It is conceivable that there are subtle effects which affect

the various relations used in [35, 36] in arriving at the final formula for cR + cL.

This however does not affect the calculation of cR − cL = 12L({pA}) which can be

related directly to the gravitational Chern-Simons term in the five dimensional ac-

tion [35, 36, 54]. Since our result for cL agrees with the five dimensional result while

the result for cR does not agree, we have a mismatch between the values of L({pA})
calculated using the two descriptions. This cannot be attributed to a failure of the

arguments based on supersymmetry relations.

In view of the discussion above the only possible explanation seems to be that the four

dimensional action given in (2.8), (2.9) fails to capture some of the terms which come from

dimensional reduction of a five dimensional supersymmetric theory. A probable reason for

this is the following.8 The five dimensional supergravity multiplet, when dimensionally re-

duced to four dimensions, contains a gravity multiplet and an additional vector multiplet.

Thus if we add to the five dimensional action supersymmetrized curvature squared terms

then upon dimensional reduction to four dimensions, it will contain supersymmetrized cur-

vature squared terms and also another set of terms which involve supersymmetrization of

the four derivative term involving the additional vector multiplet fields. In contrast the

action used in [2 – 7] contains the minimal set of terms which are required for supersym-

metrizing the curvature squared terms. Thus this action could miss the additional terms

involving vector multiplet fields which would arise from the dimensional reduction of the

five dimensional action.

In view of this it is all the more surprising that for BPS black holes the result of [2 –

7] agrees with the one obtined using the five dimensional picture [35, 36]. Clearly some

additional non-renormalization theorems which hold only for supersymmetric black holes

are at work here. Presumably when the missing terms are included it will not change

the result for supersymmetric black hole, but the entropy of the special class of non-

supersymmetric black holes analyzed in sections 6-8 will agree with the corresponding

results derived from the five dimensional analysis. Once these terms are found, we can

calculate their effect on the entropy function and apply it to calculate the entropy of black

holes whose near horizon geometry do not necessarily have the AdS3 × S2 form.

8This explanation was offered to us by G. Lopes Cardoso, B. de Wit, J. Kappeli and T. Mohaupt.
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